The work is devoted to the proof of the existence theorem and the development of analytical numerical methods for finding solutions of geometrically nonlinear boundary value problems of the three-dimensional elasticity theory. Currently, the solvability of nonlinear spatial boundary-value problems for isotropic homogeneous and piecewisehomogeneous elastic bodies is most fully studied. Therefore, the development of mathematical methods to investigate the solvability and prove theorems on the existence of solutions of spatial nonlinear problems for anisotropic inhomogeneous elastic bodies is very important. In this paper, we study the solvability of nonlinear boundary value problems of the threedimensional elasticity theory for an isotropic inhomogeneous ellipsoid under kinematic boundary conditions. In the case of three-dimensional problems, the proposed research is based on integral approximations for displacements and on the fundamental solutions of Laplace, with which equilibrium equations are reduced to a system of three-dimensional singular integral equations in the volume occupied by an elastic body. The solvability of the system of integral equations is established using topological methods. Representations for displacements constructed in this way allow us to reduce the original system of equilibrium equations to a single nonlinear operator equation, the solvability of which is investigated using the principle of contracted mappings.
Introduction
When creating computer programs that allow solving complex problems of calculating elastic structures, the problem of adequacy of the model chosen to real processes comes to the fore. The solution to this problem is based on a rigorous mathematical study of the solvability of boundary value problems. Availability of existence theorems makes it easy to prove the convergence of numerical methods to the exact real solution. Therefore, a rigorous study of the solvability of boundary value problems and the proof of existence theorems are a very topical problem in the mathematical theory of elasticity. In this paper, the method is used based on application of integral approximations for the components of displacements to study the solvability of nonlinear boundary problems for an isotropic inhomogeneous elastic ellipsoid. The problem is reduced to a system of singular spherical integral equations, the solvability of which is established with the involvement of a singular operator.
Methods
The method proposed for studying the solvability of spatial nonlinear boundary value problems is based on integral approximations for displacements. Here, they are constructed using an approach based on the use of a harmonic Green function and the Dirichlet problem in the case of elastic bodies of special configuration (ball, half-space, cylinder, etc.) and the harmonic potential theory for the case of certain bones elastic bodies. A distinctive feature of the proposed method is that the fundamental solutions underlying the potential theory are not related to the original system of equilibrium equations, they are only solutions of the Laplace equation. The integral approximations obtained in this way define displacements satisfying the given boundary conditions and the Poisson equation with an arbitrary right-hand side. The equilibrium equations are satisfied by choosing the right-hand side of the Poisson equation, for the determination of which a system of nonlinear three-dimensional singular integral equations is derived equivalent to the original system of equilibrium equations in terms of the volume occupied by an elastic body. The theory of multidimensional integral equations developed by Professor S.G. Mikhailin is used to study the solvability of a system of integral equations [1] .
Results and Discussion
There is considered a system of nonlinear equations of the form:
In the ellipsoid V centered at the coordinate origin and having the boundary : And the symbol , in (1) means the partial derivative , ≡ / .. The system of equations (1) If in the system (1) the stresses and strains are replaced by their expressions from (2), then we obtain a system of equilibrium equations expressed in displacements: (1) in the field V satisfying on its border to the condition u = 0 (4) Problem I will be studied in a generalized formulation. Let the following conditions be fulfilled:
We call the displacement vector = ( 1 , 2 , 3 ) ∈ (2) ( ), > 3, almost everywhere satisfying system (1) and the boundary condition (4) as the generalized solution of the problem I.
is Sobolev space. By virtue of embedding theorems for Sobolev spaces W p (j) (V) with > 3 the generalized decision ∈ 1 ( ̅ ), and elastic characteristics ∈ ( ̅ ), = ( − 3)/ , > 3. To treat the problem I, we use the method developed in [3] [4] [5] , where linear spatial problems for a homogeneous isotropic ball [3] , certain anisotropic inhomogeneous body [4] , and nonlinear boundary problems for a non-uniform isotropic ball [5] have been treated. Let = ( ) = ( 1 ( ), 2 ( ), 3 ( ))( = ( 1 , 2 , 3 ) ) be one-to-one mapping of the area V on the ball : 1 2 + 2 2 + 3 2 ≤ 2 . Using = ( ) = ( 1 ( ), 2 ( ), 3 ( )) we denote the mapping which is inverse in relation to = ( ) .We will assume that ( ) ∈ (2) ( ), ( ) ∈ (2) ( ), > 3. Let's notice that ( ), ( ) are linear completely continuous and nonlinear bounded operators in ( ), > 3 respectively System (6) solution for the ball satisfying to the condition (4) on its boundary : 1 2 + 2 2 + 3 2 = 2 will be searched as ( ) = ∭ ( , ) ( ) , = 1 2 3 ,
Where = ( 1 , 2 , 3 ) is an arbitrary vector function belonging to the space ( ), > 3; ( , ) is a harmonic Green function of the Dirichlet problem for the ball The relation (8) is substituted in (6) and in order to determine the function = ( 1 , 2 , 3 ), we come to the system of three-dimensional nonlinear singular integral equations of the form
Where ( ) = − Note that ( ) linear bounded operators in ( ), > 3 at their essence. In studying the solvability of system (9), we follow [1] . Let denote the symbol of the singular operator ( ) with Ф ( , ). We can show that the symbol Ф ( , ) given by the formula Ф ( , ) = − ( ) , , , , = 1,3 ̅̅̅̅ ,, 
(12) Then in the conditions of (a) and (12) functions will be the following = ( ), = ( ) ≥ > 0 ∀ ∈ . ̅̅̅̅ In addition, by direct calculation we make sure that 0 = 0 ( ), 0 = 0 ( ), 0 = 0 ( ) ≥ > 0 ∀ ∈ ̅ Then the expressions in square brackets in (11) are positive definite quadratic forms with respect to the variables 1 , 2 , 3 Therefore |∆ | ≥ > 0 ( = 1,3 ̅̅̅̅ ) ∀ ∈ ̅̅̅ , ∀ ∈ 1 .As a result, the exact lower bounds of the moduli for the determinants ∆ ( = 1,3 ̅̅̅̅ ) are positive. Then [1, p. 192] , the index of the system of equations (9) is zero and the Fredholm alternative is applicable to it. As a result, system (9) will be reduced to an equivalent system of the form − = 0 (13) Where is a nonlinear bounded operator in ( ), > 3 and for any ( = 1,2) ∈ ( ), > 3 belonging to a ball ‖ ‖ ( ) < the assessment ‖ ( ) which are based on the fundamental solutions of equilibrium equations. At present, such fundamental solutions are constructed for equations with constant and piecewise-constant coefficients, describing the equilibrium state of isotropic homogeneous and piecewise-homogeneous elastic bodies. The study proposed within the framework of this work and relating to three-dimensional problems is the development of research in the second direction.
Conclusion
An existence theorem is proved and an analytical method is developed for finding solutions of geometrically nonlinear spatial boundary problems for an elastic isotropic inhomogeneous ellipsoid under kinematic boundary conditions.
